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A GEOMETRICAL INTERPRETATION OP THE GENERALIZED 

LAW OF THE MEAN 

Bt Chables N. Haskins 

The geometrical interpretation of the ordinary Law of the Mean, 

(1) f{b) ~f{a) = (6 - a) /'(X), a<X<b, 
and of the iunction 

(2) *(«) s /(^)^-/(«> (« _ a) - [/(x) -/(a)], 

by which its proof is made to depend on RoUe's theorem, are well-known and 
may be stated as follows. Consider the carve y=s/(x), the points 
A: \a, /(a) \, B: \b, f{b) \ upon it, and the chord AB. Then there exists a 
point P: |X,/(X) I on iJbs carve between A and B sach that the tangent at 
Pis parallel to the chord AB. The function ^(x) represents the distance from 
the variable point j x, f{x) { of the curve to the chord, this distance being 
measured parallel to the axis of Y. 

The importance of the generalized law of the mean, especially in the dis- 
cussion of indeterminate forms, is well recognized,* but its simple geometric 
interpretation and that of the function by means of which its proof is made to 
depend on RoUe's theorem have not been emphasized as strongly as is desira- 
ble if the law is to be useful in elementary instruction in the calculus. 

The Generalized Law of the Mean is 

(^> P(i)-P(a)"FX^' a<X<6. 

The function ^(») used in the proof is 

* Cf. Osgood, AxsAXM or Mathdcaticb, 8«r. 1, toI. 12, p. 66, 1869 ; and DifftrtntUA and 
Integral CtUeuliu, p. 280. 
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The interpretations are as follows. Consider the space curve, y=/(x), 
z = F(x) , the points A: \a, f(a) , F{a) \,B: \b, f(b) , F(b) j upon it, the 
chord AB, and the plane determined by the chord AB and the straight line 
through A parallel to the axis of X. Call this plane the chordal plane. Then 
as interpretation of the law (3) we have : 

There exists a point P: jX, /(X), F{X) j on the curve such that the 
tangent at P it parallel to the chordal plane. 

And as interpretation of the function ^(a;) in (4) : 

The function 4>(x) represents the distance from the variable point 
\x,f{x), F(x) j of the curve to the chordal plane, this distance being measured 
parallel to the axis of Y. 

The proofs of these statements are at once obvious if it is noted that the 
equation of the chordal plane is 



^ = ^^^['-^(«" +/«■)• 



When once this geometric representation of the law and of the auxiliary func- 
tion <I>(a;) has been obtained, the reason for the appearance of this function is 
clear, and the course of the proof is seen to be identical with that of the sim- 
pler law (1). 

The more general forms of the Law of the Mean expressed by* 
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= 0, 



a< T<b; 



i = 1, 3, 

a< Ti<b < Ta<c; 



* Cf . Jordan, Oours d' Analyse, vol. 1, p. 66. 
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admit a similar interpretation by means of the space curve: x 
y =f{t) , z — F{t). The first expresses the fact that if 

A : j <l>(a) , /(a) , F(a) j , B:\Hb), f(b) , F(b) \ 

are two points of a space curve, there is between A and B a point T on the 
curve where the tangent is parallel to the plane determined by A, B, and the 
origin. The second and third state that if A, B, O, are three no/i-coUinear 
points of a space curve, there is a point 7\ on the curve between A and B, 
and a point 7g between B and C, where the tangent to the curve is parallel to 
the plane ABC; and further there is a point T^ between Ti and T^ where 
the principal normal is parallel to that plane. 
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